The cosmic crystallography method of Lehoucq et al. [1] produces sharp peaks in the distribution of distances between the images of cosmic sources. But the method cannot be applied to universes with compact spatial sections of negative curvature. We apply to the these a second order crystallographic effect, as evidenced by statistical parameters.
Introduction
The method of cosmic crystallography was developed by Lehoucq, Lachièze-Rey, and Luminet [1] , and consists of plotting the distances between cosmic images of clusters of galaxies. In Euclidean spaces, we take the square of the distance between all pairs of images on a catalogue versus the frequency of occurence of each of these distances. In universes with Euclidean multiply connected spatial sections, we have sharp peaks in a plot of distance distributions.
It is usual to consider the Friedmann-Lemaître-Robertson-Walker (FLRW) cosmological models of constant curvature (S 3 , E 3 , H 3 ) with simply connected spatial sections. However, models with these spacetime metrics also admit, compact, orientable, multiply connected spatial sections, which are represented by quotient manifolds M =M /Γ, whereM is S 3 , E 3 or H 3 , and Γ is a discrete group of isometries (or rigid motions) acting freely and properly discontinously onM . The manifold M is described by a fundamental polyhedron (FP) inM, with faces pairwise identified through the action of the elements of Γ. SoM is the universal covering space of M and is the union of all cells g(FP), g ∈ Γ.
The repeated images of a cosmic source is the basis of the cosmic cristallography method. The images in a multiply connected universe are connected by the elements g of Γ. The distances between images carry information about these isometries. These distances are of two types [2] : type I pairs are of the form {g(x), g(y)}, where
for all points x, y ∈ M and all elements g ∈ Γ; type II pairs of the form
for at least some points x, y ∈ M and some elements g of Γ.
The cosmic cristallography method puts in evidence type II pairs. These distances are due to Clifford translations, which are elements g ∈ Γ, such that Eq. (2) holds for any two points x, y ∈ M. Type II pairs give sharp peaks in distance distributions in Euclidean [1, 3] and spherical spaces [4] , but they do not appear in hyperbolic space. This is illustrated in Fig. 1 for an FLRW model with total energy density Ω 0 = 0.3 and having as spatial sections the Weeks manifold -coded m003(−3, 1) in [5] and in Table I In hyperbolic spaces, the identity (or trivial motion) is the only Clifford translation. In this case, the cosmic cristallography method by itself cannot help us to detect the global topology of the universe. Several works have tried to identify multiply connected, or closed, hyperbolic universes by applying variants of the cosmic cristallographical method [7, 8, 9, 10] , most of which now rely on type I, in the absence of type II, isometries. It is these variants that we call cosmic crystallography of the second degree.
One of these [7] , proposed by us, consisted of subtracting, from the distribution of distances between images in closed hyperbolic universes, the similar distribution for the open model. It did not pretend to be useful for the determination of a specific topology, but it might reinforce other studies that look for nontrivial topologies.
Uzan, Lehoucq, and Luminet [9] invented the collect correlated pairs method, that collect type I pairs and plot them so as to produce one peak in function of the density parameters, Ω m for matter and Ω Λ for dark energy.
Bernui et al. [10] obtained topological signatures, by taking averages of distance distributions for a large number of simulated catalogues and subtracting from them the results of simulations for trivial topology.
Here we introduce still another second order crystallographic method, in the absence of Clifford translations and sharp peaks. We look for signals of nontrivial topology in statistical parameters of their distance distributions.
As commented above on Ref. [7] , these methods are not as powerful as the original Clifford crystallography, but will certainly be useful as added tools to help looking for the global shape of the universe.
Simulations
Let the metric of the Friedmann's open model be written as
where a(η) is the expansion factor or curvature radius, and
is the standard metric of hyperbolic space H 3 . We assume a null cosmological quantity, hence the expressions for a(η) and other quantities are as in
Friedmann's open model -see, for example, Landau and Lifshitz [11] .
To simulate our catalogues we assume for the cosmological density pa- To generate pseudorandom source distributions in the FP, we first change the coordinates to get a uniform density in coordinate space:
with u(χ) = (sinh χ cosh χ − χ)/2 and v(θ) = cos −1 θ. Our sources are then generated with equal probabilities in (u, v, φ) space, and their large scale distributions are spatially homogeneous. We did the simulations for eight spatially compact, hyperbolic models.
Their space sections are the manifolds listed in Table I, which gives was obtained, with the same cosmological parameters and a pseudorandom distribution of sources inside the observable universe (redshift ≤ 1300). In the other, the analytical Bernui-Teixeira function for a uniform distribution in simply connected universes [6] was used.
1 Skewness characterizes the degree of asymmetry of a distribution around its mean value. A negative value means a leftward asymmetry (as in Fig. 1 ), a positive value a rightward one. 2 Or kurtosis, which measures the relative peakedness or flatness of a given distribution, relative to the normal distribution.
Results and conclusions
We compare the results for eight compact manifolds with those for the sim- 
